The influence of initial pH on growth and nutrient (total sugars, nitrogen, and phosphorous) consumption by Enterococcus faecium CECT 410 was studied during batch cultures in whey. With these data, two realkalized fed-batch fermentations were developed using different feeding substrates. The shift from homolactic to mixed acid fermentation, the biphasic kinetics observed for cell growth and nitrogen consumption and the increase in the concentrations of biomass and products (lactic acid, acetic acid, ethanol, and butane-2,3-diol) were the most noteworthy observations of these cultures. Modelling the fed-batch growth of Ent. faecium with the Logistic and bi-Logistic models was not satisfactory. However, biomass production was best mathematically described with the use of a double Monod model, which was expressed in terms of biomass, product accumulation, and nitrogen utilization. Product formation was successfully modelled with a modified form of the Luedeking and Piret model developed in this study.
Introduction
Different models, such as Logistic and modified Gompertz equations [1, 2] and the Monod model [3] [4] [5] [6] have been widely used to describe the growth of different microorganisms in batch cultures. On the other hand, the classical Luedeking and Piret expression [7] has been used to describe the time course of the production of growth-associate (primary), nongrowth-associate (secondary), or mixed products.
However, these models have found to be inadequate to describe the productions of biomass and antimicrobial products in realkalized fed-batch cultures [8, 9] . This was basically due to the fact that the growth describes biphasic profiles in these cultures, and some metabolites (like acetic acid, ethanol and butane-2,3-diol) are produced only in the mixed acid fermentation phase. Therefore, in these cases, it could be more appropriate the use of models based on the sum of two simple growth pulses. With regard to this, a modified form of the double Monod model was developed to accurately describe the growth of Lactococcus lactis subsp. lactis CECT 539 and Pediococcus acidilactici NRRL B-5627 in realkalized fed-batch fermentations in culture media prepared with whey and mussel processing wastes [8, 9] . In the same way, a bi-Logistic model was successfully used to represent growth processes that experience two phases of logistic growth, either overlapping or sequentially [10] .
In order to get a better understanding of biomass and antimicrobial product formation, to extend the results and to make large-scale productions, there are some important aspects that should be taken into account to model the growth and metabolite production curves. Firstly, a good model must include terms to take into account the influence of different factors (e.g., initial pH, substrate limitation, substrate inhibition, and product inhibition) on cell growth and product formation rate [8, 9, 11] . Secondly, significance of the estimated parameters, as well as the sensitivity and robustness of the fitted model should be evaluated by using statistically rigorous methods [8, 9, 12] . Thirdly, the scope of the model must be assessed by determining in which systems or situations it would be applicable [9] .
Unfortunately, in some cases, it is difficult to know if a given model is the most appropriate to describe the trend observed in the experimental data. In these cases, it is more reasonable to compare different models by calculating the best-fit values of each model and determining if they are statistically significant and scientifically reasonable. In this way, a model must be rejected if the best-fit parameters of that model have no scientific sense. When the compared models fit the data with significant parameter values, it is necessary to compare the goodness of fit as quantified by sum of squares [12] . However, only a few studies [8] deal with the comparison between different models to describe the growth and product formation in cultures that exhibit a diauxic growth pattern.
Therefore, in the present study, the growth of Ent. faecium CECT 410 in whey was firstly followed in batch cultures at different initial pH values. After determining the most favourable initial pH, two realkalized fed-batch cultures were carried out in whey by using two different feeding media to produce high amounts of biomass and antimicrobial products. Subsequently, different modelling procedures were carried out to select the model capable of predicting biomass concentration and product formation in these realkalized fed-batch cultures. Finally, sensitivity and robustness of the models were discussed in relation to the values of both the determination coefficient and the mean relative percentage deviation modulus between the experimental data and the values predicted by the models.
Materials and Methods

Micro-Organisms and Media. Enterococcus faecium
CECT 410 was obtained from the Spanish Type Culture Collection (CECT). Stock cultures were maintained at 4
• C on Rothe (Cultimed Panreac Química S.A., Barcelona, Spain) agar slants. Working cultures were grown in Rothe broth at 30
• C and 200 rpm. Whey, which was obtained from a local dairy plant (Cooperativas Orensanas Sociedad Cooperativa Ltda, Spain) was used in two forms: as concentrated whey (CW: the liquid remaining after the first cheese pressing) and as diluted whey (DW: CW mixed with wash waters). The DW medium (2.7% dry weight after water evaporation) used as fermentation medium contained (in g/L): lactose, 22.0; total nitrogen, 0.45; total phosphorus, 0.25; proteins, 2.0; pH, 5.4. The CW medium (6.3% dry weight after water evaporation) used as feeding medium in the fed-batch fermentations, contained (in g/L): lactose, 48.1; total nitrogen, 1.05; total phosphorus, 0.43; proteins, 5.0; pH, 4.7. The preparation of these wastes to be used as culture media was performed as described previously [1] .
Fermentation Conditions.
The batch cultures of Ent. faecium CECT 410 on DW medium adjusted at initial pH values of 4.5, 5.0, 5.5, 6.0, 6.5, 7.0, and 7.5 were performed in 250-mL Erlenmeyer flasks containing 50 mL of medium, on a rotary shaker (200 rpm) for 20 h at 30
• C. The culture samples, which comprise an experimental unit (one flask), were withdrawn at regular intervals to perform analytical determinations.
The realkalized fed-batch cultures were carried out at 30
• C in a 6 L bench top fermentor (New Brunswick Scientific, New Jersey) with an agitation of 200 rpm, an aeration flow rate of 0.5 L/h, and continuous-record of pH. These fermentations were initiated as batch processes with a working volume of 4 L of DW medium adjusted to an initial pH of 7.0. After 12 h, when the lower steady pH value was reached, the batch fermentations were converted into repeated fed-batch and realkalized mode by rapidly withdrawing a volume of 100 mL of the culture from the fermentor. After determining the total sugars concentration in the sample withdrawn, the medium was realkalized up to a set pH of 7.0 with 5 M NaOH. Then, the necessary volumes of feeding substrates to restore the initial total sugars concentration (22.0 g/L) in the fermentation medium were calculated by applying mass balance equations for the total sugars across the fermentor. In these equations, the volumes of NaOH added to the fermentor in each realkalization cycle were also taken into account, as indicated below.
In the first realkalized fed-batch culture (fed-batch fermentation I), the fermentor was fed with a 400 g/L concentrated lactose and sterile distilled water (if needed). In the second fed-batch culture (fed-batch fermentation II), the feeding substrate consisted in a mixture of a 400 g/L concentrated lactose and CW medium.
Samples were taken in each realkalization cycle to perform analytical determinations and to develop the corresponding mass balances for biomass, nutrients and products. The realkalization and feeding periods were maintained for as long as the Ent. faecium strain was able to bring about the decrease of pH.
Both batch and realkalized fed-batch cultures were started with a 2% (vol/vol) inoculum of a 12-h culture in DW medium.
Mass Balance Equations in the Realkalized Fed-Batch
Fermentations. In this work, the volume of the fermentation medium (V ) in the fed-batch fermentations was maintained constant ((dV/dt) = 0) by matching the volumes added to the fermentor (feeding volume (VF) plus the volume of 5M NaOH) with the sampling volume (VS).
Thus, for the realkalized fed-batch fermentation I,
where V CW and V SDW are, respectively, the volumes (in L) of concentrated whey and sterile distilled water added to the fermentor at the beginning of each feeding cycle. VNaOH is the volume (in L) of 5 M NaOH added to the fermentor for re-alkalizing the medium up to the initial pH value of 7.0. For the second realkalized fed-batch fermentation, VSDW was substituted by the volume (in L) of concentrated solution of lactose (VCL).
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The sum of the volumes of feeding substrates that must be added for restoring the initial total sugars (TS) in the fermentation medium are (2) from which it follows that
The reduction in the amounts (in grams) of TS in the medium due to the joint effect of the extraction of samples and the consumption of TS by the growing strain (TS C+E ) can be calculated by applying a mass balance equation for the total sugars: (5) gives
= TS C+E (In case of fermentation I),
Thus, the VSDW and VCL can be calculated as
Now, the VCW can be obtained by introducing the values of VSDW (in case of fed-batch fermentation I) or VCL (in case of fed-batch fermentation II) and VNaOH into (3).
Analytical Assays.
Growth was monitored by absorbance at 700 nm and converted to dry cell weight from a standard curve. Cells were harvested by centrifugation (12,000 ×g for 15 min at 4 • C) of culture samples and washed twice with saline (0.8% NaCl). The culture supernatants were used to determine total sugars, phosphorous, nitrogen, lactic acid, acetic acid, ethanol, and butane-2,3-diol by methods described in previous works [13] .
Determination of Total Viable
Counts. Total viable counts of Ent. faecium CECT 410 at the end of each experiment were determined by a pour plate method (in triplicate) using Rothe agar after serial 10-fold dilution in PBS. Plates were incubated at 30
• C for 48 h and the results were expressed as colony forming units (CFU) per mL.
Statistical Analyses.
Individual experiments were performed in triplicate and all data points are represented by the mean. Data sets were statistically analyzed by using the software package SPSS Statistics 17.0 for Windows (Release 17.0.1; SPSS Inc., Chicago, IL, 2008). A paired-samples t-test was conducted to determine whether significant differences (P < .05) existed between the mean concentrations of biomass and antimicrobial substances produced in the batch and the realkalized fed-batch cultures. The same statistical test was used to compare the values of the parameters obtained after modelling separately the first and the second growth pulses observed in the realkalized fed-batch fermentations.
Model Parameters Determination and Model Evaluation.
The model parameters were obtained by using the nonlinear curve-fitting software of SigmaPlot (version 9.0, Systat Software, Inc., 2004), which minimised the deviations between model predictions and experimental data according to the sum of squares of errors (SSE) of the model fit:
where Δ i, j represents the difference between the model and the experimental value, n and m represent the number of experimental data points and the number of variables, respectively. The coefficients of the models with P values lower than .05 were considered statistically significant. Parameters were removed from the models when their asymptotic interval of confidence included zero.
The criteria used to evaluate the goodness-of-fit of each model were the determination coefficient (R 2 ) and the mean relative percentage deviation modulus (RPDM) [14] :
where X i is the experimental value, X pi is the calculated value, and N is the number of experimental data. The RPDM parameter is widely used to determine the quality of the fit, being a value of RPDM below 10% indicative of a good fit for practical purposes [8, 14, 15] .
Results and Discussion
Batch Fermentation Kinetics of Ent. faecium CECT 410 on DW Medium at Different Initial pH Values.
Since the initial pH of the culture can influence cell growth, nutrient consumption, and product formation [16] , the use of a fermentation medium adjusted at the most favourable initial pH value is important for developing a realkalized fed-batch cultivation. For this reason, the growth of Ent. faecium CECT 410 was followed in seven series of batch cultures on DW medium adjusted at different initial pH values (4.5, 5.0, 5.5, 6.0, 6.5, 7.0, and 7.5).
The kinetics of batch growth and product formation by Ent. faecium CECT 410 in these cultures are shown in Figure 1 . A typically homolactic fermentation was observed in the seven cultures, since the lactic acid was the unique antimicrobial metabolite produced by the growing strain.
The higher concentrations of biomass (0.24 g/L) and final viable cell concentrations (9 × 10 8 CFU/mL) were produced at an initial pH value of 7.0 after 12 h of incubation. After this time, the rates of biomass and lactic acid production and nutrient (total sugars, nitrogen, and phosphorous) consumption slowed down ( Figure 1 ).
With regard to this, the accumulation of lactic acid does not seem to be a cause for the cessation of growth, because the maximum amount produced (0.9 g/L at initial pH 7.0) was lower than that considered damaging for the Ent. faecium strains [17] . Then, the exhaustion of one or some micronutrients (vitamins, minerals and amino acids) in the medium or the limitation in the nutrients (total sugars, nitrogen, and phosphorous) or micronutrients transport when the cultures reached low pH values could be the possible causes for this fact [18] [19] [20] .
Although the growth, nutrient consumption, and product formation were higher at initial pH 7.0, a high decrease in biomass production rate was observed when the culture reached a pH value of 5.4 (threshold pH value) after 12 h of fermentation, without nutrients exhaustion. The same trend was observed in the cultures adjusted at initial pH values of 6.0, 6.5 and 7.5. Interestingly, in the cultures adjusted at lower initial pH values (5.5, 5.0 and 4.5), which had the same initial media composition as the other cultures, the nutrient consumption was very low, falling off towards zero at initial pH 4.5.
To check whether the nearness to the threshold pH value had some influence on nutrient consumption, the rates of growth and nutrient consumption for each sampling time were calculated and represented versus the culture pH ( Figure 2 ). Although the biomass production and nutrient consumption decreased with the decrease in the initial pH value (Figure 1 ), both the growth and nutrient consumption rates in each culture also decreased as the cultures reached the above mentioned threshold pH value of 5.4 ( Figure 2) . Thus, the failure to grow at this acidic pH seems to be mainly caused by a limitation of cytoplasmic processes (acidification of the cytoplasm and the collapse of the motive force) that limits the nutrient transport [18] [19] [20] .
Realkalized Fed-Batch Fermentation Kinetics of Ent.
faecium CECT 410 on DW Medium. An alternative way for increasing the productions of biomass and antimicrobial products by Ent. faecium in whey could be the increase in the period in which the cells are active. For this reason, a first realkalized fed-batch fermentation on DW medium at initial pH 7.0 was carried out with periods of realkalization and feeding of 12 h, when the culture reached the threshold pH value of 5.4 and the growth and nutrient consumption rates slowed down. In this culture, the fermentor was fed with a 400 g/L concentrated lactose to restore the initial concentration of total sugars in the fermentation medium.
The results obtained in this fed-batch culture are shown in Figure 3 . Compared with the batch cultures, the use of the fed-batch fermentation technique led to an increase in the metabolically active period of the cells. In addition, the concentrations of biomass, lactic acid, nitrogen and phosphorous described profiles with a wavy pattern, which were similar to that of a diauxic growth pattern.
The same trend was observed before in previous batch [21, 22] and realkalized fed-batch fermentations [8, 13, [23] [24] [25] [26] with different strains and culture media. This diauxic growth was attributed to a biphasic nitrogen metabolism [21] . Thus, the free amino acids and utilizable oligopeptides originally present in milk are metabolized in the first growth phase, and the free amino acids produced by the hydrolysis of the proteins (like caseins in milk) by specific proteases are used in the second growth phase [22, [27] [28] [29] . This biphasic nitrogen consumption was also observed in batch cultures of Gibberella fujikuroi in a culture medium prepared with mussel processing wastes [30] . In these cultures, the growing strain consumed intensively both the inorganic nitrogen and the free amino acids during the first 48 h of incubation, but the nitrogen consumption rate slowed down afterwards.
Taking into account the production of metabolites, there were two distinct fermentation phases in the first realkalized fed-batch culture with Ent. faecium (Figure 3) . The first was a homolactic phase (first 108 h of incubation) and the second was a mixed-acid fermentation phase (108 h to the end of the cultivation), which began with the accumulation of acetic acid, butane-2,3-diol, and ethanol in the culture medium. The shift from homolactic to mixed-acid fermentation has been observed in cultures with other lactic acid bacteria at low growth rates under carbon or nitrogen limitation and under carbon-excess conditions with certain sugars such as lactose, maltose, or galactose [9, 13, [24] [25] [26] . This shift was associated to a modification of pyruvate metabolism with a decreased activity of lactate dehydrogenase and an increase in pyruvate dehydrogenase (aerobic conditions) or pyruvate formate lyase (anaerobic conditions) activity [31] . The decrease in lactate dehydrogenase activity was related to an overproduction of NADH oxidase by the cells, which produces the direct oxidation of the NADH necessary for pyruvate reduction [31, 32] .
On the other hand, the final productions of biomass
, and the viable cell concentrations (4.0 × 10 9 CFU/mL) obtained at the end of this first fed-batch culture were higher (P < .05) than those obtained in the batch culture on DW medium at initial pH of 7.0. However, the final pH values at the end of each realkalization cycle increased progressively throughout the fermentation and after 168 h of incubation, the growth stopped probably due to the exhaustion of the nitrogen, and phosphorous sources. This decrease in the nitrogen concentration could lead to a low availability or the exhaustion of one or several amino acids or peptides essential for cell growth [33, 34] . Therefore, the growth cessation observed at the end of the realkalized fed-batch culture could be explained by nitrogen and phosphorous limitation and/or the accumulation of by-products with antibacterial activity.
For this reason, a second realkalized fed-batch fermentation on DW medium at initial pH 7.0 was carried out by using a mixture of a concentrated lactose (400 g/L) and CW medium as feeding substrates to replenish the lactose consumed and other nutrients (mainly nitrogen and phosphorous) in each feeding cycle.
In this second fed-batch culture (Figure 4 ), again the concentrations of biomass, lactic acid, nitrogen and phosphorous described wavy profiles. In addition, after 324 h of incubation, the growth stopped coinciding again with the exhaustion of the nitrogen source and the growing strain was unable to bring about the decrease of pH (Figure 4) . However, the phosphorous source was not completely consumed in this culture (Figure 4) .
From a comparative point of view, it can be noted that the final productions of biomass (3.6 g/L), lactic acid (31.7 g/L), acetic acid (2.8 g/L), ethanol (4.5 g/L), butane-2,3-diol (4.0 g/L), and the viable cell counts (1.1 × 10 10 CFU/mL) obtained in this second fed-batch culture ( Figure 4 ) were considerably higher (P < .05) than those obtained in the previous culture (Figure 3 ). In addition, the duration of the homolactic phase (192 h) in this second fed-batch culture was longer than that of the previous fed-batch culture (108 h), probably as a consequence of the additional supplements of nitrogen and phosphorous sources and other micronutrients added in each feeding with the CW medium. These results made evident that feeding the fermentor with a concentrated whey medium and lactose was an adequate alternative for obtaining further increases in biomass and product synthesis.
In the two realkalized fed-batch fermentations, the feeding substrates were added to bring the cultures up to the initial total sugars concentrations (22.0 g/L) in each feeding cycle. For this reason, there was no limitation by the carbon source during both fed-batch fermentations. However, due to the joint effect of consumption and dilution (which occurred due to the combined effect of sampling and nutrient feeding), the nitrogen concentration in the culture medium progressively decreased, thus becoming limiting for the growth of Ent. faecium at the end of the incubation. Thus, the progressive decrease in nitrogen concentration influenced the growth of Ent. faecium CECT 410, as it was observed before for other realkalized fed-batch cultures with other strains [8, 9] . In addition, biomass production stopped when the cultures reached a low nitrogen concentration, even though the concentrations of total sugars (in the two fedbatch cultures) and phosphorous (in the second fed-batch culture) were still sufficiently available (Figures 3 and 4) . These observations suggest that the nitrogen source was the growth limiting substrate in these fermentations.
Mathematical Modelling.
Three strategies were used to model the growth [X] of Ent. faecium CECT 410 in the two realkalized fed-batch cultures in DW medium. Firstly, the time-series data were split in two and each set was modelled by using a separate 3-parameter (K, c, μ) logistic model (see the appendix). Thus, models (A.1) and (A.2) were used to fit the experimental data corresponding to the first and second growth phase, respectively.
Since it is difficult to define when the first growth phase ends entirely before the second growth phase begins, the time-series data were split by changing sequentially the lengths of time of each growth phase and modelling them separately in each attempt. Therefore, three lengths of time were considered for the first (from 0 to 36 h, from 0 to 48 h, and from 0 to 60 h) and the second (from 36 to 180 h, 48 to 180 h, and 60 to 180 h) growth phases observed in the first realkalized fed-batch fermentation (see Figure 3) . For the second fed-batch culture (see Figure 4) , the lengths of time considered were from 0 to 48 h, from 0 to 60 h, and from 0 to 72 h (for the first growth phase), and from 48 to 348 h, from 60 to 348 h, and from 72 to 348 h (for the second growth phase).
By using this approach, it could be possible to determine whether the values of the three parameters of the logistic model are dependent on the duration of the first and second growth phases.
The results obtained are shown in Figures 5 and 6 . After analysing the results, it can be noted that the use of models (A.1) and (A.2) to describe the growth of Ent. faecium in the realkalized fed-batch cultures in whey had some major drawbacks. On the one hand, the use of model (A.1) to describe the experimental data of the first growth pulses in both fed-batch cultures led to an overestimation of the initial biomass concentration (left parts of Figures 5 and 6 ). On the other hand, the values obtained for the three parameters (K, c and b) in the first realkalized fed-batch fermentation changed significantly (P < .05) depending on the period of time considered in each growth pulse (Table 1 ). In the second fed-batch culture, the values of K, c, and b did not changed significantly (P < .05) when different periods of time were considered for the first growth pulse (Table 2) . However, for the second growth pulse, the values of the parameters K 2 , c 2 , and b 2 were significantly different. These results indicate that modelling separately the two growth pulses is not always an adequate alternative to describe accurately the behaviour of systems exhibiting diauxic growth. In these conditions, it is difficult to define exactly where to split the growth data in the two realkalized fed-batch cultures of Ent. faecium CECT 410 in whey. For this reason, the following alternative was focused on the analysis of the experimental growth data obtained from the two fed-batch cultures (Figures 3 and 4) by using a bi-Logistic model (A.3) comprised of the sum of two 3-parameter logistic growth pulses (see the appendix).
With this procedure, the results obtained ( Figure 7 and Table 3) were not satisfactory. Thus, with the use of model (A.3), the initial biomass concentration was again overestimated in both cultures (Figure 7) and the values obtained for c 3 and b 3 were not statistically significant ( Table 3) . As it can be observed in both cultures (Figures 3, 4 , and 7), the second growth pulse has a higher number of data points than the first growth pulse. In addition, the values of the data points corresponding to the second growth pulse are also higher than those of the first growth pulse. Thus, the least-squares technique used for fitting the model to the experimental data, that assumes constant error variance [10] , weighs the data corresponding to the second growth pulse, more heavily than those corresponding to the first growth pulse. For this reason, statistically significant values for the parameters K 4 , c 4 , b 4 , and K 3 and not statistically significant values for the c 3 and b 3 parameters were obtained. In this case, the bi-Logistic model takes the form of a simple Logistic model, which could not be used to fit a set of experimental data describing two growth pulses [8] .
In these conditions, it could be advantageous to use a regression method that assumes constant relative error [10] , such as the mean relative percentage deviation modulus. Thus, the data corresponding to the first growth pulse are more heavily weighted than the latter data when fitting. However, with this procedure, again significant values for K 4 , c 4 , b 4 , and K 3 , and nonsignificant values for c 3 and b 3 were obtained. In addition, the new values obtained for these four parameters were very similar to those obtained when the least squares technique was used to fit the bi-Logistic model to the experimental growth data.
Therefore, in the third alternative, the biphasic growth of Ent. faecium CECT 410 in the two realkalized fedbatch cultures was described by using a diauxic Monodtype equation [8, 9] , that relates the growth with the concentration of the growth controlling (limiting) substrate. Taking into account that nitrogen was the growth limiting substrate and it seemed to be consumed in two phases ( Figures 3 and 4) , the specific growth rate (μ in h −1 ) was expressed as the sum of the specific growth rates (μ 1 and μ 2 ) on each nitrogen consumption phase multiplied by a dimensionless inhibition function (δ i ) for accounting the inhibition by product formation [4, 8, 9 ] (see equations (A.4) and (A.5) in the appendix).
In order to take into account the effect of dilution, which occurred due to the sample extraction and the feeding of nutrients, mass balance was carried out across the fermentor and the biomass accumulation rate (rX) by using the expression (A.6) (in the appendix).
Since lactic acid was produced in both the homolactic and the mixed acid fermentation phase, its accumulation rate (rLA) in the fed-batch model was represented to contain growth (α LA ) and nongrowth (β LA ) associated constants (model (A.7) in the appendix).
Modelling the production of mixed acid products such as acetic acid, ethanol, and butane-2,3-diol in other realkalized fed-batch cultures using model (A.7) was unsatisfactory [8, 9] . This was probably due to the fact that these products were not produced from the beginning of the cultures. With regard to this, the appearance of mixed acid products has been usually related with a nutrient (carbon or nitrogen source) limitation [35] [36] [37] . Thus, it is reasonable to suppose that the production of acetic acid, ethanol, and butane-2,3-diol started when the culture medium reached a nitrogen concentration that limits the growth of Ent. faecium CECT 410. Then, it could be considered that the productions of these three mixed acid products are inhibited in the homolactic fermentation phase, by nitrogen concentrations higher than the limiting nitrogen concentration (substrate inhibition). In the same way, it could be also considered, that nitrogen concentrations lower than the limiting concentration favoured the production of these metabolites. These considerations were taken into account to develop a mathematical model that describes the production of these mixed acid products. Then, the total cumulative amounts of mixed acid products (P total ) in these cultures could be calculated as the sum of the amounts produced in the homolactic fermentation phase (P HM ) and in the mixed acid fermentation phase (P MA ), as indicated in the model (A.8) of the appendix. Therefore, the accumulation rates for these three mixed acid products (rP MA ) were calculated according to the model (A.9).
The results obtained with this last modelling strategy are shown in Figures 3 and 4 and in Tables 4 and 5 for the first and second fed-batch cultures. With the use of models (A.6), (A.7), and (A.9), excellent agreement was found between model predictions and experimental results for biomass and product formation (Figures 3 and 4) . In addition, high R 2 values (higher than 0.98) and low RPDM values (lower than 10) for biomass and products were obtained with the use of models (A.6), (A.7) and (A.9). These facts have strengthened the usefulness of these models for describing growth and product formation by Ent. faecium CECT 410 in the realkalized fed-batch fermentations in whey.
With regard to the model (A.6), it can be noted that the calculated values for K iAA , K iEtOH , and K iB were found to be not significant (P > .05) for both realkalized fed-batch fermentations (Table 4 ). This indicates that the increase in the concentrations of these mixed acid products did not produce an important influence on the growth of 
0.346 ± 0.0180 0.331 ± 0.0038
0.300 ± 0.0215 0.118 ± 0.0108 Ent. faecium CECT 410. Therefore, the biomass production in each realkalized fed-batch culture was remodelled by suppressing the terms δ AA , δ Et , and δ B from model (A.4). In these conditions, the values of N min (P < .05) predicted by the model (A.6) are in perfect agreement with the experimental values observed in the two growth phases in each fed-batch culture (Table 4 and Figures 3 and 4) . The solid lines drawn through the experimental biomass data (Figures 3 and 4) are the trajectories predicted by the model (A.6) after calculating the values of μ with the model (A.4). As it can be observed, model (A.6) offered a more accurate description of the diauxic growth of Ent. faecium CECT 410 in relation with the biphasic nitrogen consumption than the bi-Logistic model (A.3).
In the same way, the production of lactic acid in both fedbatch cultures (Figures 3 and 4) was successfully described (R 2 > 0.99 and RPDM < 9) with the Luedeking and Piret model (A.7). The calculated parameters (α, β) from this model revealed that lactic acid was produced as a primary metabolite (α β) in the first fed-batch culture and as a mixed metabolite (α and β / = 0) in the second fed-batch culture (Table 4) . However, to model the production of mixed acid metabolites, the Luedeking and Piret model (A.7) was modified by introducing a term for the above-mentioned effect of the nitrogen concentration. From these results, it can be pointed out that the model (A.9) developed in this work (solid lines in Figures 3 and 4) successfully described the formation of mixed acid products by Ent. faecium CECT 410 in the two realkalized fed-batch cultures in whey. Therefore, these products showed a pure secondary character (α HM and α MA = 0; β HM and β MA / = 0), as it was expected, in the two realkalized fed-batch cultures ( Table 5 ). The negative values for β MA are explained by the fact that the biomass production rate (r X ) decreased until reaching a value of zero in the last sampling times, meanwhile the rates of production of acetic acid, ethanol, and butane-2,3-diol are maintained in constant positive values (Figures 3 and 4) .
Conclusion
The use of the models (A.6), (A.7), and (A.9) may lead to the development of better strategies for the optimization of the fermentation process to ensure its economic viability. Thus, the double Monod model developed in this study, resulted in improved predictions of the experimental growth data over the previously mentioned Logistic and bi-Logistic models. Therefore, the double Monod model could constitute a viable alternative to pilot plant or industrial scale trial-anderror experiments, with economic and safety advantages. Model (A.7) could be used as a tool that has potential in optimization studies of industrial reactors and in the development of new bioproductions with other lactic acid bacteria. In addition, the proposed model (A.9) for the production of acetic acid, ethanol, and butane-2,3-diol could also be used to describe the synthesis of products that are produced with a time delay, which are usually difficult to describe [8, 9] .
